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Abstract. We consider the relational characterisation of branchisgrilarity with explicit diver-
gence. We prove that it is an equivalence and that it coiiscidth the original definition of branch-
ing bisimilarity with explicit divergence in terms of colced traces. We also establish a correspon-
dence with several variants of an action-based modal logicumntil- and divergence modalities.

1. Introduction

Branching bisimilarity was proposed inl [6]. It is a behav&uequivalence on processes that is com-
patible with a notion of abstraction from internal actiyityhile at the same preserving the branching
structure of processes in a strong sense. We refer the regjdyin particular to Section 10 therein, for
ample motivation of the relevance of branching bisimilarit

Branching bisimilarity abstracts to a large extent frdivergencd(i.e., infinite internal activity). For
instance, it identifies a process, sBythat may perform some internal activity after which it retsito
its initial state (i.e.,P has ar-loop) with a process, sa¥’, that admits the same behaviour&xcept
that it cannot perform the internal activity leading to théial state (i.e.,P’ is P without ther-loop).
This means that branching bisimilarity is not compatibl&weiny temporal logic featuring aventually
modality: for any desired state th&t will eventually reach, the mentioned internal activity/®inay be
performed continuously, and thus prevéhfrom reaching this desired state.

The notion ofbranching bisimilarity with explicit divergeno@B%), also proposed iri[6], is a suit-
able refinement of branching bisimilarity that is compaiblith the well-known branching-time tem-
poral logic CTL* without the nexttime operataoX (which is known to be incompatible with abstraction
from internal activity). In fact, in[[b] we have proved thatis$ the coarsest semantic equivalence on
labelled transition systems with silent moves that is a cosgce for parallel composition (as found
in process algebras like CCS, CSP or ACP) and only equateegses satisfying the same CTL
formulas. It is also the finest equivalence in timear time — branching time spectruaf [4].

There are several ways to characterise a behavioural égdea The original definition of B8,
in terms ofcoloured tracesstems from[I5]. In[[4], BB is defined in terms of a modal and a relational
characterisation, which are claimed to coincide with eatteroand with the original notion froni][6].
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Of these three definitions of BB the relational characterisation frofd [4] is the most ceaane, in the
sense that it requires the least amount of auxiliary coscéyoreover, this definition is most in the style
of the standard definitions of other kinds of bisimulatiooyrfid elsewhere in the literature. For these
reasons, it is tempting to take it as standard definition.

Although it is not hard to establish that the modal charaaéon from [4] is correct, in the sense
that it defines an equivalence that coincides with®B&f [B], it is not at all trivial to establish that
the same holds for the relational characterisation fridm [#fact, it is non-trivial that this relation is
an equivalence, and that it satisfies the so-cadlettering property Once these properties have been
established, it follows that the notion coincides with4BBf [6].

In the remainder of this paper, we shall first, in Seclibn &flyrrecapitulate the relational, coloured-
trace, and modal characterisations of branching bisiitylaiThen, in Sectior13, we shall discuss the
condition proposed i ]4] that can be added to the relatichafacterisation in order to make it diver-
gence sensitive; we shall then also discuss several vamanthis condition. In Sectidd 4 we establish
that the relational characterisation of BRill coincide, that they are equivalences and that they ehjpy
stuttering property. In Sectidd 5 we show that the relaticharacterisations of B8 coincide with the
original definition of BB® in terms of coloured traces. Finally, in Sectldn 6, we shstthklish agreement
between the relational characterisation frérn [4], the rhoHaracterisation froni]4], and an alternative
modal characterisation obtained by adding the divergermaaiity of [4] to the Hennessy-Milner logic
with until proposed in[[R].

2. Branching bisimilarity

We presuppose a sdtof actionswith a special element € A, and we presupposelabelled transition
system(S, —) with labels fromA, i.e., S is a set ofstatesand— C S x A x S is atransition relation
onS. Lets,s’ € Sanda € A. We writes — s’ for (s, a,s’) € — and we abbreviate the statement
‘s % s or (@ = 7ands = §') by s %5 §'. We denote by—1 the transitive closure of the binary
relation—, and by—» its reflexive-transitive closure. pathfrom a states is an alternating sequence
50,a1, 51,02, 52, . .., an, S, Of states and actions, such that= s ands;_; — s, for k = 1,...,n.

A processis given by a state in a labelled transition system, and encompasses all thesstad transi-
tions reachable from.

Relational characterisation The definition of branching bisimilarity that is most widelged has a
co-inductive flavour. It defines when a binary relation onestaoreserves the behaviour of the associated
processes. It then declares two states to be equivalergri #xists such a relation relating them. We
shall refer to this kind of characterisation aselational characterisatiorof branching bisimilarity.

Definition 2.1. A symmetric binary relatiorkR on .S is abranching bisimulatiorif it satisfies the follow-
ing condition for alls, ¢ € S anda € A:

(T) if s R t ands -2 s’ for some state’, then there exist statésandt” such that —» t” -5 ¢/,
s Rt"ands’' R t.

We write s < t if there exists a branching bisimulatid such thats R t. The relation=;, on states is
referred to as (the relational characterisation of) brargchisimilarity.
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The relational characterisation of branching bisimilapgtesented above is frorl[4]. As shown [, 4,
[6], it yields the same concept of branching bisimilarity las original definition in[[5]. The technical
advantage of the above definition over the original definiti® that the defined notion of branching
bisimulation iscompositional the composition of two branching bisimulations is againranihing
bisimulation. Basteri]1] gives an example showing that thedition used in the original definition of
<, of [6] fails to be compositional in this sense, and thus agighat establishing transitivity directly for
the original definition is not straightforward.

Coloured-trace characterisation To substantiate their claim that branching bisimilaritdeed pre-
serves the branching structure of processes, van GlablmeekVaijland present in[6] an alternative
characterisation of the notion in terms of coloured tra@sow we repeat this characterisation.

Definition 2.2. A colouringis an equivalence of. Given a colouring and a state € S, thecolour
C(s) of s is the equivalence class containisg

Form = sg,aq,s1,...,an, s, @path froms, letC(w) be the alternating sequence of colours and ac-
tions obtained front(s¢), a1, C(s1),- .., an,C(sy,) by contracting all subsequencésr,C,,...,7,C
to C'. The sequencé(r) is called aC-coloured traceof s. A colouringC is consistentf two states of
the same colour always have the safreoloured traces.

We write s =, ¢ if there exists a consistent colouriggwith C(s) = C(t).

In [B] it is proved that=,. coincides with the relational characterisatian, of branching bisimilarity.

Modal characterisation A modal characterisation of a behavioural equivalence i®dahlogic such
that two processes are equivalent iff they satisfy the sameflas of the logic. The modal logic thus cor-
responding to a behavioural equivalence then allows onenptwo inequivalent processes, to formally
express a behavioural property that distinguishes themer@és colourings or bisimulations are good
tools to show that two processes are equivalent, modal flasyare better for proving inequivalence. The
first modal characterisation of a behavioural equivalesadue to Hennessy and Milnéil [7]. They pro-
vided a modal characterisation of (strong) bisimilarityiorage-finite labelled transition systems, using
a modal logic that is nowadays referred to ask@nessy-Milner LogicThe modal characterisations
of branching bisimilarity presented below are adaptatwfithe Hennessy-Milner Logic.

The class of formulag , of the modal logic for branching bisimilarity proposed lifj [¢ generated
by the following grammar:

=9 | NP | pagp (ac A pecyandd C Oy). (1)

In case the cardinalityS| of the set of states of our labelled transition system istieas some infinite
cardinalx, we may require thal®| < x in conjunctions, thus obtaining setof formulas rather than
a proper class. We shall use the following standard ablbrensa T = A, L = =T and\/ ® =

N~ |pe @}
We define when a formula is valid in a states (notation: s |= ¢) inductively as follows:

() s |=—eiff s =
(i) sEN®Iff s Epforallp € ;
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(i) s [= ¢ a v iff there exist states’ ands” such thats — s” 2 ¢/, s” = p ands’ = .
Validity induces an equivalence on states: we defing S x S by
st iff Voedy.sEpetEe.

In [4] it was shown that- coincides with—,, that is, branching bisimilarity is characterised by thedalo
logic above.

Clause (iii) in the definition of validity appears to be rattiberal. More stringent alternatives are
obtained by using (a) ¥ or ¢ (a) ¢ instead ofp a 1, with the following definitions:

(ii") s E ¢ (a) ¢ iff eithera = 7 ands E ¢ or there exists a sequence of staigs .., su, Sni1
(n > 0)suchthats = sy — -+ —> s, — 811, 8; E @ foralli =0,...,nands, 1 = .

(i”) s = @(a)viff there exists statesy, . . . , s,,, 5,41 (n > 0) suchthat = sg—-- -5, ss,, 1,
siEpforali=0,...,nands,+1 E .

The modality(a) stems from De Nicola & Vaandragérl [2]. There it was shown |delled transition
systems withbounded nondeterminisnthat branching bisimilarity<,, is characterised by the logic
with negation, binary conjunction and thisitii modality. The modality«) is a common strengthening
of (a) and thegjust-beforemodality « above; it was first considered i [4].

To be able to compare the expressiveness of modal logicltbering definitions are proposed by
Laroussinie, Pinchinat & Schnoebeléi [8].

Definition 2.3. Two modal formulasy ands) that are interpreted on states of labelled transition gyste

areequivalent written o < ¥, if s = ¢ < s = ¢ for all statess in all labelled transition systems.

Two modal logics are equally expressive if for every formaléhe one there is an equivalent formula in
the other.

As remarked in[[4], the modalitie& ) and(a) are equally expressive, since

(Y & YyVe(ln)y
() ) & A (T)Y and
pla)y & pla)y foralla # 7.

Note that the modality: can be expressed in terms(af):
pay & T(r)(pla)P) .
Laroussinie, Pinchinat & Schnoebelen establisheflin [& the modal logic with negation, binary con-

junction anda from [4] and the logic with negation, binary conjunction afid from [2] are equally
expressive.
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3. Relational characterisations of BB

The notion branching bisimilarity discussed in the presieaction abstracts from divergence (i.e, infinite
internal activity). In the remainder of this paper, we dss@ refinement of the notion of branching
bisimulation equivalence that takes divergence into agtcdn this section we present several conditions
that can be added to the notion of branching bisimulatiorrdeioto make it divergence sensitive. The
induced notions of branching bisimilarity with explicitvéirgence will all turn out to be equivalent.

Definition 3.1. [A] A symmetric binary relatiorR on S is abranching bisimulation with explicit diver-
genceif it is a branching bisimulation (i.e., it satisfies conditi (II) of Definition[Z1) and in addition
satisfies the following condition for adl, ¢t € S anda € A:

(D) if s R t and there is an infinite sequence of states)xc., such thats = sg, s — sx1 and
s R t for all k € w, then there exists an infinite sequence of stétgsc,, such that = ¢,
ty >ty forall ¢ € w,ands;, R t, forall k, ¢ € w.

We writes <2 t if there exists a branching bisimulation with explicit digenceR such thats R ¢.

Figure 1. Condition[D).

Figure[l illustrates conditiofidD). 1h][4] it was claimed ttiae notionﬁbA defined above coincides with
branching bisimilarity with explicit divergences defined earlier in[6]. In this paper we will substantiate
this claim. On the way to this end, we need to show Eh%’t is an equivalence and has the so-called
stuttering property

The difficulty in proving tha’rﬁbA is an equivalence is in establishing transitivity. Bastgoroof
in [ that <, (i.e., branching bisimilarity without explicit divergeagis transitive, is obtained as an
immediate consequence of the fact that whenever two birdagionsR; andR, satisfy [d), then so
does their compositioR; ; R (see Lemm@4]3 below). The conditiddl (D) fails to be comjmsit, as
we show in the following example.

Example 3.1. Consider the labelled transition system depicted on thiéhkafid side of FigurEl 2 together
with the branching bisimulations with explicit divergence

Rlz {(So,to), (to,So), (Sl,tl), (tl,sl), (Sg,tg), (tQ,Sg), (Sl,tg), (tQ,Sl), (Sg,tl), (tl,Sg)} and
Ro={(to, o), (w0, t0), (t1,w1), (ur, 1), (t2, u2), (uz, t2), (to, w1), (u1, o), (t1, uo), (uo, t1)} -

The compositiorR = R; ; Ro on the relevant fragment is depicted on the right-hand sideégure[2.
Note thatsg gives rise to a divergence of which every state is relate® ltg u¢. However, since, and
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Figure 2. The composition of branching bisimulations wikplecit divergence is not a branching bisimulation
with explicit divergence.

uo are not related according @, there is no divergence fromy, of which every state is related to every
state on the divergence frosg. We conclude thak does not satisfy the conditiof (D).

Our proof thatﬁbA is an equivalence proceeds along the same lines as Basteofsip [1]] that < is
an equivalence: we repladel(D) by an alternative divergenoelition that is compositional, prove that
the resulting notion of bisimilarity is an equivalence, dahdn establish that it coincides WiﬂEtbA. In
the remainder of this section, we shall arrive at our contjorsil alternative for[(ID) through a series of
adaptations of(D).

First, we observe tha{D) has a technically convenientrnefitation: instead of requiring the exis-
tence of alivergencdrom ¢ all the states of which enjoy certain properties, it sufftoegquire that there
exists astatereachable fromt by a singler-transition with these properties. Formally, the reforatiain

of (D) is:

(Do) if s R t and there is an infinite sequence of stats) ., such thats = sg, s — si,1 and
s Rt for all k € w, then there exists a statesuch that — ¢’ ands; R ¢’ for all k € w.

Figure 3. Condition[D).

Figurel3 illustrates conditior {@. If a binary relation satisfieg (I then the divergence from re-
quired by [I) can be inductively constructed. (We omit théuictive construction here; the proof of
Propositio=311L below contains a very similar inductive staunction.)

For our next adaptation we observe tHaf](bas some redundancy. Note that it requite® be
related toeverystate on the divergence from However, the universal quantification in the conclusion
can be relaxed to an existential quantification: it sufficeseqjuire that has an immediate-successor
that is related t@omestate on the divergence from The requirement can be expressed as follows:
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(Dy) if s R t and there is an infinite sequence of states),c., such thats = sg, s, — s541 and
s Rt for all k € w, then there exists a statesuch that — ¢’ ands;, R t’ for somek € w.

Figure 4. Condition[{G).

Condition appears in the definition of divergence-sensitive stiesimulation of Nejatil[D]. It is
illustrated in Figurd4. We write ﬁbAl t if there exists a symmetric binary relatiga satisfying [O)

and such thats R ¢. Note that every relation satisfyingI(D) also satisfleg)(3o it follows that
of C opt,
The following example illustrates that conditign{)0s still not compositional, not even if the com-

posed relations satisfiZT).

TN\ T N\ T
S1 S0 S9 T S1 So = S92 T
I N ~ S | ~~— A ,
Y AN -7 N T /
- NPT | /N L7
s, \;/\\ s | N | / \ ,00
Ve _ - \x\\ | AN | / \ 7 / |
ST P N SRR \ , NS
to tq 2 t3 ! / . x !
CSYM—— - ! S /N !
I I | -7 I / / /A I
T L - ‘
| | - Lo, / v
- [ / A
! - ‘ |1 / v
! P ! Al / \
L-T T [ 7T ;T \
Uo Ui U2 Uo = uy = Ug
v
T T

Figure 5. The composition of binary relations satisfyilfy £éhd does not necessarily satisfy D

Example 3.2. Consider the labelled transition system depicted on thiéhbid side of FigurEl5 together
with two binary relations satisfying1T) ang (P

Rlz {(So,to), (to,SO), (So,tg), (tQ,SO), (Sl,tg), (t3,51)} U {(SQ,ti), (ti,SQ) | 0<1< 3} and
Ro= {(ti,ui), (ui,ti) ’ 0<:< 2} U {(tg,UQ), (UQ,tg)} .

Note that, sinces; is notR-related tot, the divergence, — s; — sy — s; — --- need not be
simulated byt in such a way that; is related to eitheg, or s;.

Now consider the compositioR = R ; Rs. Both sy ands; areR-related toug, whereas the state
uy is notR-related tosy nor tos;. We conclude thaR does not satisfi[ ().
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The culprit in the preceding example appears to be the fatt{ih)) only considers divergences from
s of which every state is related to Our second alternative omits this restriction. It conssdevery

divergence froms and requires that it is simulated by

(Do) if s R t and there is an infinite sequence of stat@9c., such thats = sq ands;, — sy for
all & € w, then there exists a statesuch that —— ¢’ ands;, R t’ for somek € w.

Figure 6. Condition[(Q).

Figure[® illustrates conditioff (. In contrast to the preceding divergence conditions, @sdoave the
property that if two relations both satisfy it, then so doesirt relational composition. However, to
facilitate a direct proof of this property, it is technigaltonvenient to reformulate conditiop §Psuch

that it requires a divergence frofirather than just one-step:

(D3) if s R t and there is an infinite sequence of stat@g,¢,, such thats = sy ands, — s 1 for all
k € w, then there exist an infinite sequence of statesc, and a mapping : w — w such that

t =tg, ty — to+1 ands(,(@ R toforalll € w.

/
\
o - —————o

Figure 7. ConditionD3).

FigurelT illustrates conditiof (.

Proposition 3.1. A binary relationR satisfies[(D) iff it satisfies [D).

Proof The implication from right to left is trivial. For the implation from left to right, suppose that

R satisfies[(J) and thats R ¢, and consider an infinite sequence of statgsc., such thats = s, and
s, — sp41 for all k € w. We construct an infinite sequence of stdte$c,, and a mapping : w — w

such that = to, t; = tg41 ands,) Rty forall £ € w.
The infinite sequencé/),c., and the mapping : w — w can be defined simultaneously by induction

onl:



R.J. van Glabbeek, B. Luttik, N. Tr€ka/ Branching bisimifjawith explicit divergence 9

1. We defingy = ¢ ando(0) = 0; it then clearly holds that, o) R to.

2. Suppose that the sequeri¢g <., and the mapping : w — w have been defined up to Then, in
particular, s,y R t;. Since(sq (o)1 )rew IS an infinite sequence such thgl,) N S (0)+k-+1
for all k € w, by there exists’ such thatt, — ¢’ ands, ¢ R t' for somek’ € w. We
definet;; =t ando (¢ + 1) = k. O

We write s <23 ¢ if there exists a symmetric binary relati@d satisfying [I) and[{fJ) such thats R .
Note that [O) is a weaker requirement thgndDand hence, by PropositidnB.1, thfird(DIt follows
thatﬁbA?’ - ﬁbAl. Also note that[(J) and on the one hand anfID) ar{dd){»n the other hand are
incomparable.

Using that [[D) is compositional, it will be straightforward to establitﬂatﬁbAS is an equivalence.
Then, it remains to establish that* and<2* coincide. We shall prove thaﬁbAS is included in=2 by
establishing thai:bA3 is a branching bisimulation with explicit divergence; thﬁfa is an equivalence
is crucial in the proof of this property. Instead of provirige tconverse inclusion directly, we obtain a
stronger result by establishing that a notion of bisimijadefined using a weaker divergence condition
and therefore including=7, is included in=;'*. The weakest divergence condition we encountered so
faris (D). It is, however, possible to further weakgnjDinstead of requiring that is an immediate
T-suUccessor, it is enough require tifatan be reached fromby one or morer-transitions. Formally,

(Dy) if s R t and there is an infinite sequence of stat€s)xc., such thats = sg, s, — sx1 and
s R t for all k € w, then there exists a statesuch that —* ¢’ ands; R t’ for somek € w.

Figure 8. Condition[D3}).

Figure[® illustrates conditio . We write s <% ¢ if there exists a symmetric binary relatiot

satisfyingAU) and[{@) such thats R t. Clearly, =:'' C <2, and hence alse>. C <5 and
4
Bt
In the next section we shall also prove thaf** C <23, A crucial tool in our proof of this inclusion

will be the notion ofstuttering closureof a binary relationR on states. The stuttering closure &f
enjoys the so-calledtuttering property if from states a states’ can be reached through a sequence of
T-transitions, and both ands’ are R-related to the same statethen all intermediate states between
s ands’ areR-related tot too. We shall prove a lemma to the effect that if a binary retabn states
satisfies[(N) and (@, then its stuttering closure satisfi€$ (T) dnd)(xnd use it to establish the inclusion
ﬁbA‘* C ﬁbAS. An easy corollary of the lemma is thﬂibA4 has the stuttering property. Here our proof
also has a similarity with Basten’s proof inl [1]; in his prabt the notions of branching bisimilarity

b Co
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(see SecfZ14)
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= (see SecﬂlZT =
Figure 9. Inclusion graph.

induced by[[T) and by the original condition used[ih [6] cades; establishing the stuttering property is
a crucial step.

Figure[® shows some inclusions between the different vessidbranching bisimilarity with explicit
divergence. (Note that we never defined® and<:*2, as these would be the same«ag and<;"?,
respectively.) The solid arrows indicate inclusions thatehalready been argued for above; the dashed
arrows indicate inclusions that will be established below.

Remark 3.1. We shall establish in the next section thaf* = <. Note that, once we have this, we
can replace the second condition of Definitiod 3.1 by atgrpolantof (D) and [D)), i.e., any condition
that is implied by[(D) and implieg (), and end up with the same equivalence. For instance, wel coul
replace it by condition[ (B, or by the condition of Gerth, Kuiper, Peled & PencZek [3]:

if s R t and there is an infinite sequence of stateg <. such thats = sg, sy — si1 and
s R t for all k € w, then there exists a statesuch that — ¢’ ands;, R t’ for somek > 0.

Similarly, we will prove tha’rﬁbA?’ = < and so we can replace the second condition of Defirifidn 3.1
by an interpolant of (Tj) and [D)). For instance, the condition

if s R ¢t and there is an infinite sequence of stdt€gc., such thats = sq ands;, — s for
all k € w, then there exists a statesuch that —* ¢’ ands;, R t’ for somek > 0

is a convenient interpolant df gpand to use when showing that two states are branching bisimula-
tion equivalent with explicit divergence.

4. BB” is an equivalence with the stuttering property

Our goal is now to establish that the relational chara@gdes of branching bisimilarity with explicit
divergence introduced in the previous section all coindlat they are equivalences and that they enjoy
the stuttering property. To this end, we first show Ha%'\t?’ is an equivalence relation; conditidnDwill
enable a direct proof of this fact. Using th:aabA3 is an equivalence, we obtaiﬁbA3 - ﬁbA. Then, we
define the notion oftuttering closureand use it to establish»;** C <. Together with the observation
=8 C =8 made above, the cycle of inclusions yields that the relaties, <5'* and<2* coincide.

It then follows that=2 is an equivalence. We have not been able to find a less rountaky to
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obtain this result. The intermediate results needed foethévalence proof also yields thﬁibA has the
stuttering property.

4.1. <p*%is an equivalence

The proofs below are rather straightforward. Nevertheldégsproof strategy employed for Lemnfasi4.1
andZ.B would fail fOI’ﬁbA, ﬁbAl and<=2*. Itis for this reason that we present all detail.

Lemma4.1. Let{R,; | i € I} be a family of binary relations.

(i) If R; satisfies[) for alk € I, then so does the unidy,.; R;.
(ii) If R; satisfies[(T) for all i € I, then so does the uniqy,; R;.

Proof LetR = J;c; Ri-

(i) Suppose thaR; satisfies[(I) for alk € I. To prove thatR also satisfied{|T), suppose thaiR ¢
ands - s’ for some state’. Thens R; t for somei € I. SinceR; satisfies[{I), it follows that
there are state€ and¢” such that — ¢ 2 ¢/, s R, t" ands’ R; t/, and hences R t” and
s R .

(i) Suppose thaR; satisfies[(LJ) for all i € I. To prove thatR satisfies[([J), suppose that R ¢ and
that there is an infinite sequence of stateg.c., such thats = sp andsy, — sg;1. Froms R ¢ it
follows thats R; ¢ for somei € I. By (D) there exist an infinite sequence of statgs,,, and a

mappingo : w — w such that = ty, t; = t,11 ands,(, R, t, for all £ € w, and from the latter
it follows thats, ) R ¢, forall £ € w. O

Lemma 4.2. Let R be a binary relation that satisfidg (T).slfR ¢ ands — s/, then there is a staté
such that — ¢ ands’ R t'.

Proof Lets,...,s, be states such that= sy — --- —— s, = s’. By ) and a straightforward
induction onn there exist states, . . ., t,, such that = tg—» ---—»t, = t' ands; R t; forall i < n.[

Lemma 4.3. Let R; andR, be binary relations.
() If Ry andR, both satisfy[[¥), then so does their compositign ; R-.
(i) If Ry andR- both satisfy[[DJ), then so does their compositi@y ; Ro.
Proof LetR =R ;Ro.

(i) To prove thatR satisfies[(T), suppose R v ands -*+ s’. Then there exists a statesuch that
s Ri t andt Ry u. SinceR, satisfies[(I), there exist statésandt” such that —» ¢ <% ¢/,
s R1 t" ands’ Ry t'. By LemmdZR there is a stat€ such that, —» «” andt” R u”. We now
distinguish two cases:

(@) Suppose that = 7 andt” = t'. Thenu — v” "% «”, from s R, t” andt” Ry u” it
follows thats R «”, and froms’ R ¢’ andt’ Rs u” it follows thats’ R ”.
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(b) Suppose that’ -%+t'. Then there exist stated’ andw’ such that” —» v 254/, t" Ry v
andt’ Ro u'. So,u —» v <95 o/, from s Ry ¢’ andt” Ry v it follows thats R «””, and
from s’ R t andt’ R, ' it follows thats’ R /.

(i) To prove thatR satisfies[(dJ), suppose that R u and that there is an infinite sequence of states
(sk)kew SUch thats = sg, s, — sg41 for all k € w. As before, there exists a statesuch that
s Rq t andt Ry u. Froms R, t it follows that there exist an infinite sequence of stdte ..,
and a mapping : w — w such that = tq, t, — ty,1 andsq ) R t, forall £ € w. Hence, since
t R u, it follows that there exist an infinite sequence of stétgs),,c., and a mapping : w — w
such thatu = g, Uy, — U1 andt ) Rz up, forallm € w. Clearly, s;(,(m)) R un, for all
m e w.

Theorem 4.1. ﬁbA3 is an equivalence.

Proof The diagonal or¥ (i.e., the binary relatiod (s, s) | s € S}) is a symmetric relation that satisfies
@ and [D)), so<;"* is reflexive. Furthermore, that;'* is symmetric is immediate from the required
symmetry of the witnessing relation.

To prove tha@bA3 is transitive, suppose ﬁbA?’ t andt ﬁbA?’ u. Then there exist symmetric
binary relationsR; and R, satisfying [0) and[{IJ) such thats R; t andt R, u. The relationR =
(R1; R2) U (Ra; Ry) is clearly symmetric and, by Lemmisi.1 4.3, satidflearf@)[D). Hence,
sinces R u, it follows thats <5'* u. O

4.2. <p?isincluded in <

To prove the inclusion=;'* C < we establish that=;** is a branching bisimulation with explicit
divergence.

Lemma 4.4. The relation=;"* satisfies[) andTB).

Proof Directly from the definition it follows thaiszS is the union of all symmetric relations satisfying
@ and [DJ), so, using LemmBd. >+ itself satisfiesr) and ). O

In fact, it is now clear thaa‘:bAS is the largest symmetric binary relation satisfyihg (T) 4Dg).

Lemma 4.5. The relation—:"* satisfies[[D).

Proof Suppose that ﬁbAS t and that there is an infinite sequence of stétg$,c., such thats = s,
S} — Sp41 andsy ﬁbA3 t for all k € w. According to Lemm&4l4, the relati&&bAS satisfies[([d), so
there exist an infinite sequence of statgs,c., and a mapping : w — w such that = to, t, — t4 1
ands, ) =5 t, for all £ € w. By TheoreniZll=3** is an equivalence, so it follows from, =3 ¢,

So() 25 tands, gy =3t thatsy =5 t,for all k, £ € w. Hence=;** satisfiesID). O
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Theorem 4.2. &% C <8,

Proof By Theorem[Zll, the relatioeszS is symmetric. By Lemma&=44, it satisfiels] (T), and by

LemmalZ} it satisfied(D). SﬁzbAS is a branching bisimulation with explicit divergence, arehbe
s <03 timpliess <2 t. O

4.3. Stuttering closure

Definition 4.1. A binary relationR has thestuttering propertyif, wheneverty — --- = t,, s R tg
ands R t,,thens R ¢; forall: =0,...,n.

The following operation converts any binary relatigron S into a larger relatiork that has the stuttering
property.

Definition 4.2. Let R be a binary relation o8 Thestuttering closureR of R is defined by

7%:{(37’5)’Hsbvsﬁib’tﬁ€S-Sb—»s—»sﬁ&tb—»t—»tﬁ&sbRtﬁ&sﬁRtl’} .

Sﬁ

- - ®»

th

Figure 10. Stuttering closure.

Figure[TD illustrates the notion of stuttering closure.aBeR C R. We establish a few basic properties
of the stuttering closure.

Lemma 4.6. The stuttering closure of a binary relation has shetering property

Proof LetR be a binary relation and 1% be its stuttering closure. To show thathas the stuttering
property, suppose tha§ —— - -- — t,,, s R t, ands R t,,. Then, on the one hand, there exist states
andt}, such thats —» s, t5 —» t, ands? R ¢}, and on the other hand there exist stateandt, such
thats” —» s, t,, —» th ands® R 5. Now, sinces’ —» s —» st andt) —» t; —» thforalli =0,...,n,
it follows thats R ;. O

Remark 4.1. The stuttering closur® of a binary relatioriR is (contrary to what our terminology may
suggest) not necessarily the smallest relation contaiRingth the stuttering property. For a counterex-
ample, consider a transition system with states?, ¢” and¢' and transitions” = sf andt” - t!; the
binary relation

R={(s", 1), (t*,5), (s, ), (", %), (", 1%), (¢, s%)}

has the stuttering property, bt has additionally the pairs’, ) and(¢”, s”).
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Lemma 4.7. The stuttering closur& of a symmetric binary relatio® is symmetric.

Proof Supposes R ¢; then there exist states, s*, t” andt! such thats” —» s —» st, £ —» t —» ¢!,
s R t! ands! R t". SinceR is symmetric, it follows that’ R s? and¢! R s”. Hencet R s. O

Lemma 4.8. Let R be the stuttering closure @&. If R satisfiesI) and R t, then there exist§ such
thatt — t’ ands R t'.

Proof Supposes R ¢; then there exist state$, s?, t” andt? such thats” —» s —» s¥, £ —» t —» ¢!,
s R tf ands? R ¢*. Froms® R t! ands” — s it follows by LemmdZR that there existssuch that
(t—)th — ¢ ands R t'. O

Lemma 4.9. If R satisfies[[T), then so does its stuttering closire

Proof Suppose that R ¢ and thats - s’ for somes’. Then by Lemm#&Z18 there exigtissuch that
t — tT ands R tf. Hence, since -% ¢, it follows by () that there exist state¢$ and¢’ such that

(t—)tT —t" L' s Rt"ands' Rt .

Now, s R t” ands’ R t’ respectively implys R t” ands’ R t'. O

4.4. Closing the cycle of inclusions

Using the notion of stuttering closure we can now pr@m@‘1 - ﬁbA3, thereby closing the cycle of
inclusions. To prove the inclusion we establish thaRifs a witnessing relation fOﬁbA‘*, thenR is a
witnessing relation foabAS.

Lemma 4.10. If R satisfies[IN) and [, thenR satisfies[D).

Proof Suppose thaR satisfies[(I) and (). By Propositiol 31 it suffices to establish thHasatisfies
([O3J). Suppose that R t and there exists an infinite sequence of state$.c., such thats = sy and
s, — sp41 for all k € w. We have to show that there exists a stauch that — ¢’ andsy, Rt for
somek € w.

As s R t, by LemmdZB there exist, ..., t, such that = ty = --- - t, ands R t,. By
LemmaZd®B,s R ¢; foralli = 0,...,n, soifn > 0, then we can také¢ = ¢;. We proceed with the
assumption that = 0; sos R t.

First suppose that;, R ¢ for all £ € w. Then by condition[{L) there existt,...,t,, such that
t=tg - -t With m > 0 andsy R t,,, for somek € w. As s;, R to andsy, R t.m,, it follows by
LemmdZ®b that, R t; foralli = 0,...,n. Hence, in particulars;, R ¢1, SO we can také = ¢;.

In the remaining case there iskg € w such thats; R ¢ for all £ < ky while s, andt arenot
related byR. Sincesi, R t and sy, — sy,+1, by condition [I) of Definitio 311 there exist states
t0y -ty tme1 SUCh that = tg > - 5t st 1, Sk Rt @Ndspyp1 R tg1. SiNCEsLy 41
andt are not related by, it follows thattq # t,,.1, So eithern > 0 or t,,, — t,,+1. In casem > 0,
sincesy, R to andsy, R t,,, by LemmdZB it follows thak,, R ¢1, SO we can take’ = ¢;. In case
m = 0andt = t,, — t,, 11, We can take’ = t,, 1. O
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Theorem 4.3. &4 C <3,

Proof Suppose that ﬁbA4 t. Then there exists a binary relatih satisfying [I) and[(@), such that
s R t. By LemmdZY the stuttering cIosgﬁ‘éof R is symmetric, by LemmB4.9 it satisfidd (T), and by
LemmdZ.ID it satisfie§ (P Moreover,s R t. Hence,s ﬁbA?’ t. O

The inclusions already established in Seclibn 3 togethtr tve inclusions established in Theorems
B2 andZB yield the following corollary (see also Fidre 9)

Corollary 4.1. & = ot = <53, O
Corollary 4.2. The rela'[ionﬁbA is an equivalence. O

Recall that the proof strategy employed in Lemima[4.1(ii) hove that any union of binary relations
satisfying also satisfied (D), fails with (@) or instead of (). In fact, it is easy to show that
these results do not even hold. Therefore, we could notttjireder from the definition of=;* that it
is itself a branching bisimulation with explicit divergencBut now it follows, for=5* = ﬁbAS satisfies
@@ and by Lemmd4M}, and hence also the weaker condifiop. (Dsatisfies[[[D) by Lemm&4.5.

Corollary 4.3. =2 is the largest symmetric relation satisfyirid (T) afd)(Ot even satisfiedID) [
and [D). It therefore is the largest branching bisimulation wixpleit divergence. O

The following corollary is another consequence, which wedia the next section.

Corollary 4.4. The relationﬁbA has thestuttering property

Proof  Since=? satisfies[r) and [, its stuttering closuréz\bA satisfies[(I) and (B by Lemma$ 419
and[Z1D. Moreove@bA is symmetric by LemmB4.7. Therefote; is included ine23 (cf. the proof

of LemmalZ}). As=2 C = ﬁbA?’ we find =8 = =2, Thus, by Lemm@dl6=2 has the
stuttering property. O

5. Coloured-trace characterisation of BB*

We now recall from[[B] the original characterisation in terof coloured traces of branching bisimilarity
with explicit divergence, and establish that it coincidgghwhe relational characterisations of Sec{idn 3.

Definition 5.1. LetC be a colouring. A stateis C-divergentif there exists an infinite sequence of states
(sk)kew SUCh thats = s, sp — sk 1 andC(sg) = C(s) for all k € w. A consistent colouring is said to
preserve divergendéno C-divergent state has the same colour as a nondivergent state

We write s =2 ¢ if there exists a consistent, divergence preserving coigut with C(s) = C(t).

We prove thate2 = <=5,

Lemma5.1. Let C be a colouring such that two states with the same colour He/eame’-coloured
traces of length three (i.e. colour - action - colour). TlFer consistent.
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Proof  Suppose(sy) = C(tg) andCy,ay,Ch,...,a,,C,, is a coloured trace ofy. Then, fori =
1,...,n, there are stateg and pathsr; from s;_; to s;, such thaC(x;) = C;_1, a;, C;. With induction
oni, fori =1,...,n we find states; with C'(s;) = C(t;) and path; from ¢;_; to ¢; such thatC(p;) =
C;_1,a;,C;. Namely, the assumption abatiallows us to findp; givent; 1, and thert; is defined as the
last state op,;. Concatenating all the patlsyields a patlp from to with C(p) = Cop,a1,C1, ..., an, Cy.
]

Theorem 5.1. =2 = =

Proof “C”: Let C be a consistent colouring that preserves divergence. fitesfto show thaf is a
branching bisimulation with explicit divergence.

Supposes C t,i.e.C(s) = C(t), ands - s’ for some state’. In casea = 7 andC(s’) = C(s) we
haves’ C ¢ and condition[[T) is satisfied. So suppase 7 or C(s") # C(s). Thens, and therefore also
t, has a coloured trad®(s), a,C(s’). This implies that there are statgs. . ., t, for somen > 0 andt’
witht = tg Tt = -« T t,, % ¢/ such thaC(t;) = C(s) fori = 0,...,n andC(#') = C(s'). Hence
(@ is satisfied.

Now suppose C t and there is an infinite sequence of stdteg.c., such thats = sg, s — sg41
andsy C t forall k € w. ThenC(si) = C(s) for all k € w. Hences, and therefore alsg is C-divergent.
Thus there exists an infinite sequence of stétgsc., such that = to, t, — t,,1 andC(t,) = C(t) for
all ¢ € w. It follows thatsy, C t, for all k, ¢ € w. Hence alsd{D) is satisfied.

“D": It suffices to show thai:>bA is a consistent, divergence preserving colouring. By GanglL.2 it
is an equivalence. We also use that it satisfiés (T) Bhd (D)ol@oy[£3) and has the stuttering property
(Corollary[Z3). We invoke Lemn{a®.1 for proving consistenc

Suppose that andt have the same colour, i.S.,ﬁbA t, and letC, a, D be aﬁbA-coIoured trace of
s. Thena # 7 or C' # D, and there are state§ ands’ with s — s” %~ s/, such thats”, s € C and
s’ € D. As =5 satisfies[r), by Lemm&4.2 there is a staltavith t — 7 ands” <=2 ¢I. Therefore
there exist statet’ and¢’ such that(t—) tt — " 2 ¢/, s" =8 " ands’ = . As = has the
stuttering property antl’ =2 s” =2 s =2 ¢, all states on the-path fromt to ¢” have the same colour
ass. HenceC,a, D is aﬁbA—coIoured trace of.

Now suppose andt have the same colour ards ﬁbA-divergent. Then there is an infinite sequence
of states(sy.)xe., SUCh thats = sg, s —— spi1 andsy, =5 s =8 tforall k € w. As = satisfies
@D, this implies that there exists an infinite sequence atest(t),c., such that = ¢y, t, — t,,1 and
s =2 toforall k, ¢ € w. It follows thatt, =2 ¢ for all £ € w, and hencé is =2 -divergent. O

6. Modal characterisations of BB*
We shall now establish agreement between the relationairanathl characterisations of BBproposed
in [4). The class of formula@fb of the modal logic for BB* proposed inJ4] is generated by the grammar
obtained by adding the following clause to the grammaklirofiSectiorf®:
p 1= Ap  (p€ D). 2)

We extend the inductive definition of validity in Sectign 2tfwi
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(iv) s |= Ay iff there exists an infinite sequenc¢e, )xc., of states such that — sg, s, — sx41 and
sk Eeforall k € w.

Again, validity induces an equivalence on states: we defifileC S x S by
s~A L iff Vgpé@ﬁ,.s}ch@t):gp .
We shall now establish that* coincides with=;".

Theorem 6.1. For all statess andt: s =2 ¢ iff s ~2 t.

Proof To establish the implication from left to right, we prove byustural induction onp that if
s =8t ands = ¢, thent |= ¢. There are four cases to consider.

1. Supposey = —1p ands = . Thens [~ ¢. Ast ﬁbA s, it follows by the induction hypothesis
thatt F~ ¢, and hence |= .

2. Suppose = A ¥. Then, for ally) € U, s = ¢, and by inductiort |= 1. This yieldst | ¢.

3. Suppose = Yay ands = ¢. Then there exist statesands” such thats —» s” <2 &, 5 |= 1)
ands’ = x. By LemmdZP, there exists a statesuch that — ¢" ands” =2 tI. From this it
follows that there exist state$andt” such that —» t” 2 ¢/, 5" <8 ¢ ands’ <2 ¢/, for if
a =7 ands’ = s” we can take’ = ¢ = tT and otherwise, since’ =2 t1, the stateg’ andt”
exist by [d). It follows by the induction hypothesis thét= « andt’ = x, and hence |= ¢.

4. Supposer = Ay ands = . Then there exists an infinite sequerieg)c,, such thats —» s,
s — sp41 andsy, =4 forall k € w. By LemmdZ.P, there exists a stagesuch that —» ¢, and
so =25 to. From Corollary(ZB it follows that=%* satisfies[[[)), so there exist an infinite sequence
of states(t/)sc,, and a mapping : w — w such that, — t,, ands, ) ﬁbA tyforall / € w. By
the induction hypothesig = « for all ¢ € w, and hence |= ¢.

For the implication from right to left, it suffices by Coralja& to prove that<® is symmetric and
satisfies the conditionEXT) arfd 4D

That~* is symmetric is clear from its definition.

To establish conditioriqT) of Definitidid.1, suppose that® ¢ ands - s/, and define set§” and
T’ as follows:

T"={t"eS|t—t"&s > t"}; and
T'={t'eS|3H" eS8 t—t"Li&s 2>t} .

For eacht” € T" let ¢, be a formula such that = ¢, andt” = o, and letp = A{py |t € T"}.
Similarly, for eacht’ € T" lety be a formula withs’ |= ¢y andt’ £ ¢y, and lety) = A{yy |t € T'}.
Note thats = ¢ a v, and hence, since~* t, alsot = ¢ a 1. So, there exist statésandt” such that
t—t" Lt 7 = g andt’ = o). Fromt” = it follows thatt” ¢ T”, sos ~2 t”; from ¢’ |= ) it
follows thatt’ ¢ T”, sos’ ~2 t'. Thereby, conditior{]T) is established.

To establish conditior[ ), suppose that ~> t and that there exists an infinite sequefeg);c.
such thats = sq, s, — s;11 ands;, ~> ¢ for all k € w. Define the seT’™ by

T ={t'ecS|t—t &sz t}.
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For eacht’ € T let ¢ be a formula such that = ¢ andt’ j£ oy, and letp = A{py | t' € T>}.
Sincesy = s = p ands, ~* t &2 s, it follows thats,, |= ¢ for all k € w, and therefores = A.
Hencet = Ay, so there exists an infinite sequer{¢g ., such that —s tq, t, — t,,1 andt, = ¢ for
all £ € w. It follows thatt, & T, sos ~2 t,, for all ¢ € w, and hence;, ~> s ~2 t, forall k, ¢ € w.
It follows, in particular, that —* ¢; ands;, ~* t, for somek € w. Thereby, also conditiof (I is
established. O

We already mentioned in Sectibh 2 the result of Laroussiiechinat & Schnoebelenl[8] that the
modal logic with negation, binary conjunction af@) and the logic with negation, binary conjunction
anda are equally expressive. Below, we adapt their method to shatweplacing: by (a) or (a) in the
modal logic for BB® proposed in[]4] also yields an equally expressive logic.

Henceforth we denote b2 the set of formulas generated by the grammar that is obtairesh
replacingy a ¢ by ¢ (a) ¢ in the grammar f0|<I>jAb (seelll) in Sectiofl2 anfll(2) at the beginning of this
section). The central idea, frol [8], is that any formulal% can be written as a Boolean combination
of formulas that propagate either upwards or downwardsgadopath ofr-transitions. A formulap that
propagates upwards, i.e., with the property that #+ ¢ ands = ¢, then alsot = ¢, we shall call
anupward formula A formula ¢ that propagates downwards, i.e., with the property that-#» ¢ and
t = ¢, then alsos = ¢, we shall call adownward formula

Lemma6.1. Everyy € (I)fb is equivalent with a formula of the forfyy @, where each formula i is a
conjunction of an upward and a downward formula.

Proof Note thaty a y and A are downward formulas and that the negation of a downwarduta

is an upward formula. Furthermore, a conjunction of upwardhiilas is again an upward formula and
a conjunction of downward formulas is again a downward fdamit follows, by the standard laws of
Boolean algebra, that the formulais equivalent to a formula of the desired shape. O

The proof that for every formule € ®% there exists an equivalent formuld ¢ <I>jAb proceeds by
induction on the structure af, and the only nontrivial case is when = ¢ (a) x. According to
the induction hypothesis, fop and x there exist equivalent formulas m]A so, by Lemmd6l1y)

is equivalent to a disjunction of conjunctions of upward almvnward formulas. The proof ifn][8]
then relies on these disjunctions being finite. To generalito infinite disjunctions, we shall use the
following lemma.

Lemma 6.2. Let & be a set of formulas and letbe a formula. Then

(V@) (a)p & V{VP)(a)yp]| P afinite subset ob} .

Proof

T

(=) Supposes = (\/ @) (a) ¢. Then there exist states, . .., s,, s,+1 such thats = sg — -+ —
S -2 511, 8 E\V®foralli=0,...,nands,+1 = ¢. Sinces; = \/ ®, we can associate with
everys; (i = 0,...,n)aformulap; € ® such that; = ¢;. Let® = {p; | i =0,...,n}; thend’
is a finite subset ob such thats; = \/ @' for everyi = 0, ..., n. Itfollows thats = (\/ ') (a) ¢,
and hence = \/{(\V ®') (a) ¢ | ' afinite subset ob}.
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(&) If s =EV{(V ) (a) ¢ | @ afinite subset o}, thens = (\/ ®’) (a)  for some finite subsed’

of ®. So there exist states, . . . , 5, sp41 SUch thats = sg - --- 5, 5, 1,5 = \/ @
foralli = 0,...,nands,11 | ¢. Sinces; = \/ ® impliess; = \/® foralli = 0,...,n, it
follows thats = (\/ @) (a) ¢. O

We now adapt the method ifl[8] and show that replacinay (@) or (a) in the modal logic for BB
proposed inl[4] yields an equally expressive logic.

Theorem 6.2. For every formulap € ®4 there exists an equivalent formuté € cI)j.Ab.

Proof The proof is by structural induction g the only nontrivial case is whep = v (a) x. By the
induction hypothesis there exist formulas y' € <I>jAb such that) < ¢’ andy < x’. By Lemmd&lL,

Y & \/ ¥, where each formula i is a conjunction of an upward and a downward formula. Hence,
by the evident congruence property<sf and Lemmagl2,

v & V{(VY)(a) x| ¥ afinite subset o’} .

Clearly, it now suffices to establish thdy ¥') (a) ' is equivalent to a formula i®%;, for all finite
subsetsl’ of ¥. Recall that¥ consists of conjunctions of an upward and a downward formadave

can assume thalt’ = {y! A4 | i =1,...,n}; we proceed by induction on the cardinality ®f.
If [¥'| =0, then

(\/ ‘I”) (@)x & L,
and L € 3.

Supposé¥’| > 0. By the induction hypothesis there exists, for every 1, ..., n, a formulay) € <I>jAb
such that

(V¥ - rav}) @y = ¢ .

Then, it is easy to verify that
(V) @y e V(wn(sarvitedd)) .
=1

and the right-hand side formula is‘ir}%. Some intuition for this last step is offered [ [8]. O

In the same vain, there is also an obvious strengtheningeotlirergence modalitA. Let A be the
unary divergence modality with the following definition:

(iv') s E A iff there exists an infinite sequen¢ey )re., of states such that = sg, s — sx1 and
sp Epforallk € w.

We denote bybjﬁb the set of formulas generated by the grammakin (1) Withreplaced by\¢.
Note that the modality\ can be expressed in termsAf

Ap & Trﬁgp .
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Figure 11. A divergence.

A crucial step in our adaptation of the method of LaroussiRiachinat & Schnoebelen above con-
sisted of showing that infinite disjunctions in the left argent of (a) can be avoided. If infinite dis-
junctions could also be avoided as an argumemspfnen a further adaptation of the method would be
possible, showing that replacingy by A in the modal logic for BB* would yield a logic with equal
expressivity. However, the following example suggests itifnite disjunctions undeA cannot always
be avoided.

Example 6.1. Letay, as, ag, ... andbg, by, bo, . .. be infinite sequences of distinct actions and consider
the formula

—A (\/ (= (T {ai) T)A(T (bs) T)))

1=0

The formulap holds in a state iff there exists an infinitepath such that in every state there isian 0
such that the actiob; is still possible, whereas the actianis not. Note thatp holds in the state of
the transition system in FiguEell1; each of the disjurctS (a;) T) A (T (b;) T) holds in precisely one
state.

We conjecture that the formula of Examjlel6.1 is not equivale a formula |n<I>A, and that, hence,
replacingA by A in the modal logic for B@ yields a strictly more expressive Ioglc We conclude the
paper with a proof that the equwalencé C S x S induced on states by validity of formulas @}A
defined by

sBt ff chefbjAb.slzap@t):go ,
nevertheless also coincides with’®.

Theorem 6.3. For all states; andt: s = ¢ iff s ~A ¢,

Proof For the implication from left to right, we prove by structliraduction ony that if s ﬁbA t and
s | ¢, thent = . We only treat the casg = Ay, for the cases = b, p = A¥andy = ax
are already treated in the proof of Theoremd 6.1. So, suppose&,z) ands = ¢. Then there exists
an infinite sequenceésy,)e,, of states such that = s, s, — sg1 andsy = ¢ for all k € w. From
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Corollary[Z3B it follows that=% satisfies[[T), so there exist an infinite sequence of stdtey.,, and
a mappings : w — w such thatt = tq, t, — ts41 ands, (g ﬁbA ty for all £ € w. By the induction
hypothesig, = ¢ for all / € w, and hence = .

To establish the implication from right to left, note thas itx® ¢, then, since every formula mjAb is
equivalent to a formula %, alsos ~* ¢, so by Theorerfi 81 it follows that <} ¢. O

Comment on DefinitionZ3 If in Definition 223 we had used a notion of equivalence betwemdal
formulasy and« that merely requires that= ¢ < s = ¢ for all statess in the presupposed labelled
transition system, rather than quantifying over all ladeltransition systems, the resulting concept of
equally expressive logics would be much weaker, and thesbdq% and@fb would be equally expressive.

In general, letv be an equivalence on the set of stateand consider two logic§; and.£, that both
have negation and arbitrary infinite conjunction, and bbracterise-. For every pair of states ¢t € S
with s ¢ t take a formulap, ; from £; such thats = ¢, butt = s Thenys = A{ps: | t o s}is
called acharacteristic formuleof s: one has |= y; iff t ~ s. Now lety be a formula fromC,. Then
VA{xs | s = ¢} is equivalent tap, in the sense that= v < t = \/{xs | s E ¢} for all statest € S.
This proves that the two logics are equally expressive.

Similar reasoning using the notion of equivalence from D&din Z3 would break down, because
one cannot take conjunctions of a proper class of formula.
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